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Synopsis 

In a previous paper [1]! the present author showed that, if an m-dimen- 
sional manifold A, with symmetric affine connection and »=>7 admits a group 
of affine motions of order 7 > 122 — 2n, then its curvature tensor has the form 
R¥ uve = A Buyot Cr Dayo +8 (Pre — Poy) + 8% Puw— 8% Puy In another paper [2] 
it was also shown that, if an As, 7, with symmetric affine connection 
admits a group of affine motions of order +> mu?2—2n, then the curvature 
tensor has the form 


(1) Rwe = A* Bs? Ca ov) FOr Pus—O* Piss 
or it has the form 
(2) ; Rh ee CA* Pe + CQ.) PQ Pa Qy) 


+8% (Pyo—Pov) +0% Puwo—8% Puy, 
which is possible only for z=7. Besides, it was shown that, if the curvature 
tensor has the form (2), then the order 7 of the group of affine motions 
admitted must satisfy 
Y <n? —3n +8. 

In the present paper an Ay, 27, having the curvature tensor of the 
form (1) where A* Byyo*=0 is studied with the results that, if it admits a 
group of affine motions of order +> m?—2n, then the rank of the tensor 
Bue is 2 or 3 and, moreover, that it has the form 

Buvo = Py Pv Qe — Po Q) 
or 
Buy = Pi, Q,, — Po Qv + Qu Ry Pa — Ra Pv) 
— Ry (Py Qe — Pu Qy +2 Bi (Qs Ru — Q, Ry). 


It is also shown that the latter form is possible only for z=7 (or 7 


1) Numbers in brackets refer to the references at the end of the paper. 
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—3n+8). Then, a necessary and sufficient condition that an Ay, 27, with 
symmetric affine connection and with non-vanishing projective curvature 
tensor admit a group of affine motions of order 7 = m’?—2n-+5 is obtained. It 
is that the curvature tensor have the form 

R* uve = A Pu (Py Qo —Pw Qy ) 
where A’, P, and Q, are covariant constants. This is equivalent to the 
condition that the connection parameters 1”, satisfy 

y=%3, other 1%, =0 

when the coordinate system is suitably chosen. Such connection was already 
given by G. Vranceanu [3, 4] as an example, but now it is shown that no 
other connection is possible. 


§1. Introduction. 

In a previous paper [2] it was shown that, if an n-dimensional manifold 
An, n=7, with symmetric affine connection admits a group of affine motions 
of order 7 >n?2—2n, then the curvature tensor has the form 


(1) R* LVo = A* Buve SF 8 (Pye—Pav) + Puw—d* Puy 
or the form 
(2) Rwy = CA* Put C* Qu) CPy Qo — Pw Q,) 


+6% (Prvw—Pov) +8 Pw —O* Piw. 


It was also shown that, if 8 or if the inequality + >m2—2n is replaced 
with the inequality 7 >n?— 3z+8, then (1) is the only one possible form. 
In the present paper an An with the curvature tensor of the form (1) is 
studied. We assume A* B,y. キ 0 which means that the Ax is not projectively 
euclidean. 
As in [2] (1) is substituted into XR yy. = 0 where X is the symbol of 
the Lie derivative. Then we get 


(3) XA = aA’, 
(4) XB ーー ABuve, 
(5) XPuy = 0 


which we can treat as a system of linear homogeneous equations in the 
unknowns &*, &* at an arbitrary fixed point of Ay. If the order of the group 

of affine motions admitted is more than m?—2n, then the number of linearly 

independent equations in (3), (4) and (5) together must be less than 37. 
From (3) we get 

(6) A* &\ = aA* (mod &*), 
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and, as we assume A^ 0, there are n—1 linearly independent equations in 
(6). Then, as @ is obtained as a linear form of Ex and A” E*, we get 


a? 


(7) Bave €6 + Buaw E+ Buys E% =0 (mod é*, A” Ex). 
Of course Buys satisfies 
(8) Buwvo) = 0, Biina = 


As we assume +> 22—2n, (7) contains at most 2z linearly independent 


equations. Making use of this fact we shall determine the form of Biiviae 


§2. A property of the tensor B,,.. 

At first we remark that, if Bog.w%u®=0 for every vector #, then 
Bunve = 9 and we get Bs =0 by virtue of (8). 

Suppose Buy. += 0 and the vectors Bago u” u®, Bug. v% v® are linearly depen- 
dent for every choice of the vectors u*, v2. We can assume Bag. u” u® <0, 
and if we put Bag. u* u®=C., we get Bagov® vi = av) Co, hence Bwayyo= 
BuyCw. where Buy = B,,. Then, as we get Bay Cu) = 0 from (8), we easily find 
successively “Buy = BaG.yy Bar Cy'Cu) = 0, 9B, =] 0) “Bajo = 0)" hence Bry = 0 
contrary to the asSumption. 

Thirdly suppose Byyo3=0 and the three vectors Bago u” u®, Bape 0% v8, 
Bag. u” v® are linearly dependent for every choice of the vectors uw, v'. We 
can assume Bag. u® u® and Bag. v® vB to be linearly independent and get 

Bapw ur v? = a (U4, Vv) Bagot” uP+b Cu, v) Bape v® v8. 
Transvecting with v® we get a(u,v) =0 hence 
(9) Bago U” v? = 6b Cu, v) Bago v® v8, 
or else Bagy u* ui v’ =0. But, if the latter is true, we get Buvyo =0 hence 
Be = 0 which contradicts the assumption. So we have (9). 

Differentiating (9) partially with respect to uw“ we get 
(10) Bugs 0? = by C0) Baga” v®, 
and differentiating (10) partially with respect to v’ and fixing the vector v* 
we find that Buy» has the form 

Bue = Apy Bo CD 
Substituting this into (10) we get 
Any 0 Bo +Cu Dyod” = by Cv) Bago vt v8 » 
and we see that either A,,v” and Cu or B. and D,.v” are linearly dependent. 
Then we get Bs = CyD'vo or Bs = A’uvB,- But from the latter equation 
we get Be =0 by virtue of Byao)=0. Thus we find that Buy» must have 
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the form Buy» = Ci Ds, andi substituting this into Bmw;= 0 we get an equa- 
tion of the form 
(11) Buvo = Pu (Pv Qo — Po Qy D. 

The result obtained can be summarized as 

Lemma 1. Jf a tensor Buy satisfies (8) and Bu + 0, the vectors Bap. u*u®, 
Bago v°v® are linearly independent for general directions of the vectorsu*, v*, 
The three vectors Bag u*u®, Bag VdB, Bago u*v® are linearly dependent for every 
choice of the vectors u>, v* if and only if Buyvo = PuCPv Qo —Po Qy). 


§3. The rank of Buy. 
Let us assume that the tensor Buy» can not be written in the form (11). 
Then the vectors w}, w} are taken such that the three vectors 
(12) Bago uy uy = ce Ps ’ Bapw ut us = ar Bape us uf = Ro 
are linearly independent. 
Suppose that we can take two other vectors v*, w* such that the vectors 
(13) ons Qe; Eins Bage ve we 
are linearly independent. We write v=}, w*=w}. u}and w} are linearly 
independent but we do not know whether the vectors wu}, 43, u3, uw} are linearly 
independent or not. 
From (7) we get 
Bapy UG ue = 0 (mod &*, A* Es, us ex, user), 
hence 
(14) Bapy u% uf, EY =0 (mod E*, A® 55 ME Cow nae) 
where a, 6 =1, 2,3,4 andc = max (a, 6). If we take a coordinate system such 
that at the point under consideration we can write 
AX = 8h, uy = ul Ob+... +ud + u4+1 HD 
then we get the following equations from (14). 
Bapy uf uf EY =0 (mod é*, Ef, £5) (4=3,..., 2), 
Bapy uy uy EY =0 (mod &*, &, £5, £5) (@=s4, .., 2), 
Baupy uz uy EY =0 (mod &*, Ex, cect r= 4, 5-2), 
Bapy u3 uf £7 =0 (mod é*, Es, ..., cn) Cae 6) ie). 
As the vectors Bapy uf uf, Bapot? uf, Bapo us uh, Bupw u% uf are assumed to be 
linearly independent, the number of linearly independent equations contained 
in the above equations is 4n—13. Asn=>7 this number exceeds 2” contrary 


2) ae ee , u2'l may possibly be null. 
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to the assumption + >? — 22. 


We therefore see that the four vectors (13) are linearly dependent for 
every choice of the vectors v‘, w’ and get 


(15) Buvo a Auy Batt BnQs +Cuy a 


where P.,,Q., R are linearly independent. This shows that the wo-rank of 
Buve is no more than 3. 


Substituting (15) into Buyo,=0 we immediately find that Buve has the 
form 


Buvo = Ap (Qy Ro — Qu Ry) + Bu CR, Po — Ro Py )+Cyu (Py Qu — Po Qv); 
and substituting this into Bruyw;—=0 we find 
(16) Bi = (4, Pu +61 Qu +e, Ru) (Qy Ra — Qo Ry) 
+ (2.Pu + 82 Qu t co Ru) CRy Po — Ro Py) 
+ (43 Py +3 Qu + C3 Ru) Py Qo — Po Q ). 
Thus we get the 


LEMMA 2. For n=7 the number of linearly independent equations in (7) 
is at most 2n only when the tensor Bur. has the form (11) or (16). 


§4. Canonical forms of Bayo. 


In the preceding paragraphs we find that if we assume +>7?—2n we 
get (11) or (16). We now study the case of (16). 
We can write (16) in the form 


a7) Biss = Gijnt ste Le” 

where PL=P,, P2=Q,, P= R, and 

(18) jp =9, Aj =. 

As we assume Buy <0 we have ajj,3<0. If we take another set of vectors 
Pi such that 

(19) Pi = 0% Pi. | af, |3=0, 


then we get 
Be = Gijk Pi Pe . 

where 
Gj jk = Aimn CL am ay, 


We observe that the system of equations 


3) In §4 the indices run as 7, j, k, l, m, n=1, 2, 3.:and summation convention is used. 
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Qimn a ar as = 』 


(20) 


em ah or an = 0, 


Qimn at ar= 0 
admits solutions ai such that aj+-0. Such solutions satisfy | ai |4-0, and 
with such a‘ we get 
@ 123=0, Gi31=0, Gi12=1, G212=0. 
Therefore we can assume that Gimy, satisfy 


4293 = by, G23, =D2, GO212 = 0, 


(21) 


i =0, a@31=0, diiz=1, 


4323 = C1, 331 = C2, A312 = —be 
from the beginning. 
First let us assume c2 モ 0. Then we get di23 =0, Gj31 = ie @231 = (0; 


@212 = 0, G312 =0 if we put 


ke 2 1. 
ar=1, at= 0, aj=0, 
a, = —(b2)*/e2, af=1, a3 =—b»/e2, 
l= Pe ie 
a;= 0, az=0, a = 1. 


This implies that Buy.» can be reduced to the form 
Biv = Pu Ps Oe — Pay) 
+b, Qu (Q, ie he Qo Ry ) 
+ RulerCQy Ru — Qe Ry )+e2CR, Po — Rates 1 
This form is preserved when P,, Qu, Ru are replaced with wPy,u-2Qu, Ru 
and we find that the possible forms of B,,. are 


(22) Buvo = Pu Py Qe — Po Qy +Qu CA, Ro — Qu Ry ) 
+Ru Ry Po — Ro Py )+eRu (CQ, Ro — Qe Ry ), 
(23) Bue = Pu Pv Qo — Po Qv)+Ru (Ry Po — Ro Py) 
+ Ry (Qy Ro — Qu Ryd, 
(24) Buvo = Pu CPv Qo —Pw Qv )+-Ru CRy Pwo — Ro Py ). 
If we have cz2=O in (21) we can not proceed as above. But, if werget 
ajmn Of a C4 A=0 for some solution of (20), we obtain - 
G23 = 0, 131 = 0, a2 = 1, 
G23 = bi, 231 = be, @212 = 0, 
&323 =C1, 331 = 6220, G12 =—bp, 


Hence we can proceed as before and get (22), (23), (24). 
Next we assume that 
(25) f Gimn a, ay a’ = 0 
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is a consequence of (20). But (20) is solved by taking ai, ci such that 
(26) dlmn oe ar x. 0, Gimn at ast 50; 4 * 0, 

for, if a7 = B/ is a solution of dimy a! ara”r =I, then a= Bi+Xai satisfies 
(20) when we put A» =—4imn B! om 8", We thus find that the aimn we are 


studying has the property that (25) is a consequence of (26). Then we make 
use of (21) where c2=0 and get 


C27) ah = b, +c, O03, 02 = by a?, az = al—b, ae 
from (26)"and 
(28) (—ah 08+ 2b2 a2 a8) a} 


+O Ol Ds Gs Or, — 0) Ce 08 — cy C3 CS 0? 
Carb OF OR 4-0 OC EC A) 3 
= 
from (25). Hence (28) must be satisfied identically when (27) is substituted 
into it. We then easily find 
: 2(b.)2 = ¢1, 5, =0. 
If by =0 we get 
Byuvo = PP, Qe— Ps Os 
which we have already obtained as (11). If 600 we canreplace 062 Ry with 
R, and get 
(29) Bur = Pu Py Qu — Pa Qy )+Qu (Ry Po — Ro Py) 
— Ru Py Ow —Po Vy )+2R, CA, Ro — Qs Ry ). 

Thus all possible forms of Buy» are exhausted and we get the 

Lemma 3. Jf a tensor Buy satisfying (8) has rank 3, then it has one of 
the following four forms 
| Ci) PyCPy Qe. —P.Q1)+Qu Qs Ro — Qo Ry ) 

+R, CR, P. — Ro Py )+¢ Ru CO, Re — Qe Ry); 

Cii) Pu Py Qa— Po Qv ER Cy Po — RL 
(30) + Ry (Qy Ro —Qes Ry ), 

: | Gi) Py (Py QO, — PaQs +R CR, Pa — Ru Pv); 
Civ) Pu CPy Qe — Po Qv+Qu CRy Pu — Ro Py D 

Ri (Py Qo — Pa Qy )+2Ryu (QO, Re — Qo Ry ). 


§5. A necessary condition. 
- Assume that the rank of Buyo is 3. Then Buy» has one of the canonical 


forms: (i), Cii), GiD, Civ) of Lemma 3, 
(31) : Bue = Giz, Pi, Pi Pk. 
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We can take ps satisfying 
Ph pF = 8 
such that the four vectors p}, p}, ~}, A* are linearly independent. 


Transvecting (7) with pf py pz we get 


(32) a1 jp O + ait, + ai j1 Nk =0 (mod £*, A* £4) 
if we put 

(38) ni, = PLESDS. 

We also obtain 

(34) ait P! £2=0 (mod &, A® Ex, nh) 


by transvecting (7) with pi Db}. 

As AX, pi, p}, p} are linearly independent we can treat the system of 
equations (6), (32), (34) separately. Hence, if the number of linearly indepen- 
dent equations in each system is got and summed up, we find the number of 
linearly independent equations in all these systems together. This is easily 
understood if we take a coordinate system such that at a fixed point (%*)p 
we have A*= 63, ph}=6\,,. 

Again, if such a coordinate system is taken, we get from (34) 

Gif PL ES = 0 Cmod &, ft, 5 ED) C4 = 9, 0 8), 
and, as the rank of aj, is 3, we have 3(m—4) linearly independent equations. 
Hence, if (32) contains at least six linearly independent equations, then we 
have at least 4rz—7 linearly independent equations in all, which contradicts 
the assumption +> m?2—2n for n=7. Thus we find that we have less than 
six linearly independent equations in (32). 

Let us study the equations obtained by putting {7,7,k} = {1,1,2}, {2,2, 1}, 
SUAS}, {12:3 % 1.2; lrate per lye Irales Ol arera ty ih Goere AS 

ai3=0, a31=0, au2=1, ar12=0 
the matrix of the coefficients is obtained as follows. 


TH sy il int qn igo Be Ih BUS ic will 
a Pon 2 0 312 0 af 0 0 0 0 
1222515 0 0 4223 —1 0 a321+a231 0 0 0 
41,1,3} 0 4233313 0 0 0 0 1 0 
ee Ze 3} 0 4223 323 0 0 0 —1 0 0 
{2, 1,3} 4213 223 0 0 213 4313 0 0 4213 
13453} 4313 A323 0 0 0 0 0 di3+a312 24313 
{3, 2,3} 0 0 O a313, A323 0 gay A223 293 
12,0, 0 0 0 a213 2203-303 0 0 223 
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If Bs has the form (i), we get 
4223 =1, d23:=0, a@32=0, G323 =C, A331 = 1. 
Hence we find that the rank R of the matrix written above satisfies R=>6 
by examining for example the determinant obtained from rows 1, 2, 3, 4, 5, 6 
and columns 4, 5, 6, 7, 8, 9. This contradicts the assumption 7 >? —2%. 
If Buy» has the form (ii), we get 
4432=1, a323=+1, a331 =1, other ajjxr=0, 
hence R= 6. 
If Buy» has the form (iii), we get 
a2 = ‘te 4331 = 1, other dijk = 0, 
hence R=6 again. 
If Buy» has the form (iv) we get 
Qy2=1, @23,;=1, a312=—1, Gj23 =2, 
and in this case we have R=5. Then we have 4z—8 or more linearly in- 
dependent equations in all and as a consequence get ~r<?—3n-+8. It is 
possible that 7>n2—2n may be satisfied for = 7. 
We thus obtain the 
THEOREM 1. Jf an n-dimensional manifold An, n=7, with symmetric 
affine connection whose curvature tensor Rr yy. has the form (1) admits a 
group of affine motions of order r > n2 —2n, then the Ruy. has the form 
(35) Rig = A® Pu (Py Qo +P QD FCP Pay) +8® Piio— 8% Puy 
or the form 
(36) R uve = A*LPa (PyiQe +P Qy )+Qn Ry Po —Re Py) 
+2Ru (Qy Ro —Qe Rv \—Ru Pv Qe —P; Qy I) 
+5 (Pyo—Pov) +8 Pro—S* Pur. 
The latter is possible only for r<n?—3n+8, hence for n=7. 
For sufficiently large ~ we have only (35). Moreover it is not difficult 
to understand that the tensor Pz, is expressible in terms of the vectors P,, Qx. 


§6. A necessary and sufficient condition for r=n?—2n+5. 
Let us look for a necessary and sufficient condition for an A, to admit 


a group of affine motions of order 7 = ?—2n-+5. 
From Theorem 4 of [2] and Theorem 1 of the present paper we get (35) 
as a necessary condition. Substituting this into XR\y.—=0 we find as in [2] 


(37) XPuv = 0, 
(38) XA* = aA’, 
(39) XK{ Pu Py Qe — Po Qi JS — WP Py Qa = Pro Qu). 
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As we get from (39) 


(40) ーー 
we can put 
(41) XQ, = Pu —(a+28) Qp 


Since we assume that the space is not projectively euclidean, Pu, Qu are 
linearly independent and we can take a coordinate system such that AX, its 


Q, satisfy 
AX = 8, 
(42) P, = 8 Pi +8, 
Qu =61 Q14 63 
at (%*)o. 


We get from (38) 


£i=0 (mod £«), 
BaP le =—a (mod £*), 
from (40) 
(44) Py El + £2 =P, 8+ B82 (mod £), 
and from (41) 
(45) Q: 14-83 = yP; 814+ y82—(a+28) Q1 8 


—(a+28) 6&3 (mod 89: 
Putting ur =2 in (44) we get 


Beste +P; El mod £5 
and making use of this equation we get 
(i 6? =. Of ined 2. 
Cit) SPP EP it ep = 0 moa eS; , 
Gi)" "$2 + P,él-==0 Gmod $*) CaS). 23, 
Civ) 201 C&T PI £4) = (834+: ED Pi Gmod &*), 
Cv) &84+Q; E442 (£24P, EL)—£1=0 (mod €*), 
(vi) &4+Q:&1=0 (mod &*) Cxe=edpaa, 42). 


(46) 


The number of linearly independent equations contained in equations (i), 
(iii), Cv), (vi) is 32—5. Hence the remaining equations (ii) and Civ) must 
be satisfied by virtue of the equations just mentioned. We thus obtain P,=0, 
Q=0. 

Therefore we get 


(47) Pi= 8 Q= 8 
and 
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2=0 (mod £*) (a= 3,5”), 
| &3=0 (mod é*) (esse atten); 
£1—2£22£3 = 0 (mod £*) 


at (x). (48) must be a complete set of equations satisfied by Bac ot CN) 


£;=0 (mod &*), 
| 


in the sense that no other equation is possible. 
Now consider the equations XP,, = 0 which we reduce to 
Pov €2+Pun ts =0 (mod *), 
We get Pay &7+Poa&% = 0 (mod &*) and, if v3=2, é is contained only in the 
term Px &5. But we find that £5 appears in (48) only in the form £!—2£2—£3. 
Hence we get Ps, =0 for v+=2. Similarly we get Pue=0 ,for w2=2. Then 
we obtain Pow £%¥+Pa2 &4 = 2P22&2=0 (mod £*), from which we get Po: = 0, 
hence 
(49) Puy = 0. 
Differentiating (40) covariantly we get 
Pa; vEtt Pu; abs = OPT EO (mod ér). 
Putting nx = 3 and making use of 8 =&3 (mod &*) we get 
Ra CIR a CI C= 0 (mod £*), 
which become by virtue of (48) 
CP, v+83 sD El4- (Py: y +683 Pg. x) €2 4-02 P3-1 E4402 P3.3 63 
+62’ Ps, 2 fF POY Pg. €) +02 Ps. 7 E2+- CPs; v-+08 Ps, 3) E}—262) 
+6! P3,1 &14 62 P3,2€2—P3.,€2 = 0 (mod €*). 
The indices +, y run 4, ..., 2 and summation convention is used for them. 
Comparing these with (48) we find P3.,=0, P3.3=0, P3:1=0, Pr:v=0, 
P;., = 0 successively. Moreover, if we put »=2 we get P3-2 (Gr ceo) = (6) 
(mod é*), hence P3.,=0. We thus find that P,;,=0 for w+=2. As we have 
P, = & we can put 
(50) Py = Ph,. 
From (38) we get 
—A%,,EX+ A EAE A® Cmod &*). 
Then putting N= ..., 2) we obtain 
A Ei + Al g£o+Al,,éi=0 Cmod &*). 
Putting v = 2 and making use of the last equation of (48) we get 
—A?, £4— 43,。&4 一 4*。 E¢ +Al, a EF+2Ai2 EF + Alin £3 =0 (mod E*). 
Comparing this with (48) we find A‘.,.=0 and then A?,,=0. Therefore we 


can put 
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(51) AN ye Vn 
As we can take the point (x*)9 arbitrarily, the equations (49), (50), (51) 
hold good throughout the space. We have moreover 
(52) P, A* =Q, A* = 0. 
Now we can make use of the Ricci identity 
A a— A 0 sy = Rr uw A". 
The second member vanishes because of (52), and, if (51) is substituted into 
the first member, we get 
fy -».—o-y = 9, 
Similarly we get from Pu;v;0—Pu;0;1 =—R?% wwe Po = 0 
Py: 0—Po 3». = 0. 
Hence a,, py are gradient vectors. As the curvature Rss determines the 
vectors A’, P, only to within scalar factors, we can think that they satisfy 
(53) A =0, Pu;v=0, 
that is, they are covariant constants. 
Differentiating (41) covariantly we get 
(54) Qe: Et +O; a EF — Iv Pu +Qu;v (2E2—-El) 
+(a, y+28, 1) Qu.=0 Cmod E*). 
Then we have 
Qa sv ES +04; a EF+Q4; vy C2E3—&D =0 (mod é*). 
If v>=4, &¢ is contained only in the first term Qa;v&%. Hence we find 0 
= 0'forlk =23 anl v +4. Similarly we get Q,:,=0 for pF 23 and v5. 


Therefore we can put 


(55) Qu:v=Purt+Quq-. 
We also obtain from (54) 
Qe ; v E2+-Q3; a E°+-Q3;1 (2£2—£1) = 0 (mod &*) 
for we have 
a, i 0, 8, = 0 
because of (38), (40) and (53). Then we get 
du E* =0 (mod &*) 
by virtue of (55) and (48). Comparing this with (48) we find q, = 0, hence 
(56) Qi Pn 
Substituting (56) into Qu; vie— Qn;o;v= ニ Rt www Qa whose second member 
vanishes because of (52), we get 7,;0—7o:,=0. As Q, is determined by (35) 


only to within transformations of the form Q, = Q.—rP,, we can think that 
it satisfies Qu;v =9. 
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We thus obtain a necessary condition 


(57) i ie = AP, CP, Qa— Pe Q),); 
where A*,P., Qs, are covariant constants satisfying 
(58) AMPs =0, “Aq Qed: 


It is easy to verify that this is a sufficient condition for we can take a 
coordinate system such that 

A* = 8, Pu= 8, Q. = 8. 
An Ax with connection parameters 


I, = x3, other 7%, 


= 
was already given as an example by G. Vranceanu [3, 4]. 

Thus we get the 

THEOREM 2. A necessary and sufficient condition that an n-dimensional 
manifold An, n>7, with symmetric affine connection which is not projectively 
euclidean admit a group of affine motions of order r=n?—2n+5 is that it 
satisfy (57) and (58). 
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Some Magnetic Properties of Mn-Mg-Ferrite 


with Rectangular Hysteresis Loop 


By 


Zenya FUNATOGAWA, Nahonori MIYATA and Hisanori SANDO 


Synopsis 

Dependence of magnetic properties—saturation and remanent magnetiza- 
tion, magnetostriction and relative value of magnetic crystalline anisotropy 
energy—of Mn-Mg-ferrite (MnO 33 mol%, MgO 31 mo!%, Fe203 36 mol%) on 
heat treatment was investigated. The intimate relation was found between 
rectangularity of hysteresis curve and magnetostriction; specimens, cooled 
slowly in a furnace, with high remanent magnetization showed very small 
longitudinal magnetostriction especially in the region of the initial part of 
magnetization, contrary to those quenched from high temperature with low 
remanent magnetization and rather large magnetostriction. Saturation magne- 
tization decreased with decrease of quenching temperature, probably due to 
the change of distribution of Mg-ions on the crystal lattice. 


1. Introduction 


It is a well-known fact that ferrite with various character plays an 
essential part as a magnetic material for high frequency electronic circuit. 
For example, a group of ferrites with rectangular hysteresis loop is useful 
for magnetic memory devices and MnO-MgO-Fe20;3 system was studied as a 
member of the group.)-® It is interesting for us to investigate the reason 
why this ferrite is superior in character of rectangularity. 

Now the nature of intrinsic magnetization of ferrites is clearly described 
by Neel’s theory and the mechanism of magnetization process of them, which 
means the redistribution of domains with intrinsic magnetization, is under- 
stood in the same way as that of metals and alloys. 

G. Economos® reported the dependence of some magnetic properties of 
ferrite mentioned above upon heat treatment. We have studied, further, 
magnetostriction and magnetic crystalline anisotropy energy as fundamental 
factors governing the magnetization process and intended to solve experimen- 
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tally the cause of rectangularity of hysteresis curve. 


2. Preparation of Specimens 


Specimens were prepared for taking their composition of MnO, MgO and 
Fe203 equal to 33, 31 and 36 mol % respectively. At first MnCO3, MgO and 
Fe.03 were mixed in an iron ball mill with water for 20 hours. The mixture 
was dried, prefired at 1100°C in air for 2 hours and ground into fine powder 
by dry ball milling for about 5 hours. The powder was pressed into the 
shape of toroid or rod under the pressure of 1.5ton/cm? and sintered at 
1350°C for 2 hours in air. Specimens were cooled and held at desired temp- 
erature for suitable hours, then quenched into water (cooling treatment). 
Some of the specimens, cooled slowly to room temperature, were heated again 
and quenched in the similar manner as cooling treatment (heating treatment). 

Test specimens were toroidal with 1.0 and 1.8cm in inside and outside 
diameter respectively and height of 0.5cm, ‘or rod with 0.5x0.6x8.5cm3, 
According to chemical analysis they contained 0.2 weight % of Si. 


3. Experimental Procedure and Results 


(1) Hysteresis loop of toroidal specimens. 

Magnetic induction was measured by the ballistic method with a field 
coil of 50 turns and a searching coil of 100 turns. Maximum induction 2B2s, 
remanent induction B, and coercive force Hc, obtained from hysteresis loops 
with maximum field strength of 25 Oe, were plotted against quenching temp- 
erature (q.t.) (Fig. 1.). Both cooling and heating treatment, described in §2, 
were performed but no thermal hysteresis was observed. It is apparent that 
B, shows a remarkable change with q.t. Typical examples of hysteresis 
curves are shown in Fig. 2. 

(2) Hysteresis loop of rod specimens. 

Magnetization was measured by the ballistic method with a searching 
coil of 500 turns at the center of the specimen in a solenoid. Specimens 
were annealed at each temperature on the cooling treatment for 5-10 hours. 
I;, saturation magnetization, was determined by the asymptotic relation for 
high magnetic field (500-2000 Oe). Results are shown in Fig. 3, where [25 
and J, are similar notations as Bs and B, respectively. Main feature is the 
same as of toroidal specimens. Js did not change in the temperature region 


where large change of I, was observed. 
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Fig. 1. Bos, B,, He vs. quenching temperature (q.t.) for toroidal specimens. 
@: cooling treatment, at the rate of 300°C/hr. 
©: cooling treatment, annealed at each temperature for 10 hours. 
4: heating treatment, at the rate of 300°C/hr. 


2500 | puss 2500 7 gauss. 


Fig. 2.a. Magnetization curve for Fig. 2.b. Magnetization curve for a 
a slowly cooled specimen specimen quenched from 1350°C. 
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Fig. 3. Is, Ios, ly vs. q.t. for rod specimens, annealed at each 
temperature on the cooling treatment for 5-10 hours. 
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Fig. 4. 5 vs. g.t. for rod specimens. 
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Longitudinal magnetostriction. 

Longitudinal magnetostriction was observed by the method of roll and 
mirror with the same specimens as used in the case of (2). Saturation 
magnetostriction Xs is plotted against q.t. in Fig. 4. In Fig. 5. X vs. I for two 
specimens, the one cooled slowly and the other quenched from 1350°C, are 
shown. At the initial stage of magnetization the former is very much small 
compared with the latter. 

(4) Magnetic crystalline anisotropy energy. 

Relative values of magnetic crystalline anisotropy constant were estimated 
from the line width 4H of ferromagnetic resonance curve by the use of 
microwave of 9300 Mc/sec with specimens of 0.6mm in diameter obtained 


I gau ss 


Fig. 5. 2 vs. I for rod specimens. 
ae slowly cooled, ーー quenched from 1350°C 


OH-I;*107* "ke 


0 200 400 600 600 1000 1200 /4.00¢ 
Fig. 6. AH-J, us. q.t.; AH+IJs represents the character of | Kj|. 
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from the samples used in (2) and (3). It was assumed that the first order 
anisotropy constant |K,| was proportional to 4H-Js. The results are shown 
in Fig. 6 with a g-value equal to 1.97. No abrupt change was observed and 
it seems that the dependency of |Aj| on q.t. corresponds to that of Js. Typical 
resonance curves for two specimens are given in Fig. 7. 
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Fig. 7. Ferromagnetic resonance absorption curves. 
slowly cooled 
eee quenched from 1350°C 
ordinate is arbitrary scale 


4. Discussion 


(1) As seen in figures the dependency of 1 on quenching temperature 
is closely correlated not with Js; or |Aj| but x. According to H.P.J. Wijn 
et al.® high rectangularity of hysteresis loop depends upon the small magneto- 
striction constant along easy axes of magnetization with suitable crystalline 
anisotropy, because in such a case strain energy inside the specimen at the 
remanent state is not so large that domains may distribute along the easy 
axes of magnetization which make the smallest angle with applied field 
direction. The magnetostriction constant can not be determined in our case, 
as our specimens are polycrystal, but the fact that magnetostriction in the 
region of initial part of magnetization is small should result the same condition 
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at the remanent state. So our experiments support the fundamental idea of 
Wijn ef al. 


(2) The result that Js, saturation magnetization, decreases with decrease 
of quenching temperature may be accounted by the change of distribution of 
Mg-ions on the crystal lattice as in the case of Mg-ferrite or Mg-Mn-ferrite” 

(3) The tendency that the relative value of |Kil, magnetic anisotropy 
constant, increases corresponding to the decrease of Js; is similar to that of 
Mg-ferrite. 
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Effects of Humidity on Lichtenberg Figures 
(2nd Report) 


By 


Bunji ARAI 


Abstract 


This experimental research is one of the fundamental study in relation 
with rise of the accuracy on the klydonograph, which is one of the determining 
methods of impulsive crest voltage. 

In the estimation of crest voltage from the radius of a Lichtenberg fignre 
the positive figure is generally used. So that, the writer researched for the 
effects of humidity on the positive figures only. This paper reports the results 
of preliminary experiment on the variation of Lichtenberg figures (shape and 
magnitude) for the highly humid emulsion surface of photographic plates 
(Fuji Al dry plates) by means of a mixture solution of sulphuric acid and 
water in a constant ratio. 

Although the chopped impulsive crest voltage of the same electrical 
condition was given, the results of the experiments showed quite inversely 
two series. The one series of the figures showed the tendency of contract as 
humidity increased, and the other the tendency of extension on the streamers. 
Through the experiment, the former was observed about 20%, the latter 
appeared about 30%, and the flash over of the emulsion surface by the electric 
spark was counted about 50% respectively. 

The writer thought that the former fact would disturb the extension of 
streamer, or the electro-static capacity of the emulsion layer would be in- 
creased by absorption with water molecules, and the latter would be the 
dominant effect of increasing electro-conductivity by the combined action of 
the remained salt in the emulsion and the attachment of water particles. 

And this experiment will suggest some ideas of impulse corona discharges 


about the highly humid surface. 


§1. Preliminary Experiment on Lichtenberg Figures for Highly Humid 
Plates. 
This preliminary experiment dealt with the variation of Lichtenberg 
figures for the highly humid photographic plates applied to the impulsive 
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crest voltage, described as one of the next projects in the end of former 


report.) 


(1) Experimental apparatus and method. 

The high tension impulse source and circuit are the same as hitherto used. 
Refer Fig. 1 of the former report.” Through the experiment G; and Gz were 
kept 0.42 cm and 0.15 cm respectively. And the method of humidity 
conditioning of the emulsion surface is the same as that of the former ex- 
periment.) But the section of the various highly humid state were prepared by 
lower percentage of sulphuric acid solution. Refer Table 1. 


Table 1. 
Desiccator Nos. 1 2 3 4 
Camera Nos. 1 74 3 4 
% of HeSO,4 20 15 10 0 
% of Relative Humidity 87-88 92-93 97 100 


At the room temperature in 20-30°C 


The special cameras of klydonograph rebuilt after the former experiments 
were used. To prevent the flaws of emulsion against the needle electrodes, 
they were replaced by the copper round bar electrodes (0.16cm*). Although 
these electrodes were used, often the softened emulsion layers were harmed 
by the edge of the bar electrodes. Then, through this experiment the touched 
portion of copper round bar electrodes (0.20cm*) was made semi-sphere. 
See Fig. 1. 


Fig. 1. Details of rebuilt camera for this preliminary experiment. 
The notations are the same at that for Fig. 3 and Fig. 4 of 
former report.) But, B: Bakelite cap, screwed in copper round 
bar electrode (0.30 cm? ). ; 
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As the photo-sensitive materials, Fuji Al dry plates (orthochromatic, 
high speed) were used. As a series, each plate was a quater of a cabinet 


size plate. Photographic treatment of these plates was same as in the former 
experiment.V 


(2) Result of preliminary experiment. 

The series of Photo. 1 (Plate 1) was one of the typical examples of 
positive Lichtenberg figures obtained in the state of same temperature and 
humidity. This was done with the object of examining instrumental errors. 
Photo. 2 and 3 (Plate I) show the typical examples which had a tendency to 
contract and extend in the streamers, obtained by the same chopped wave of 
same electrical conditions in the various highly humid state of emulsion 
surface. Photo. 4 (Plate II) shows the series of the typical examples of 
flash-over (sparking over) along the emulsion surface. In these photos., the 
numerical figures written on the right hand side of each figure were the 
values of given absolute humidity on each emulsion surface and surrounded 
air. These values converted by calculations from the given room temperatures 
and the maintained relative humidities. The number of the left hand side 
show the cameras and the desiccator numbers. 

In Photo. 2 the figure contracts as humidity increases in magnitude. 
The shape of the streamers became wider in width, shorter in length and 
smaller in number of branches. The streamers changed to straight from 
dendritic type, and to thick from thin, and reduced in number. Instead of 
disappearance of the coronet round the electrode, a plumelet-like figures 
marked uniformly along the dense streamers in maximum humid state. Also, 
in Photo. 3 same tendency was observed except the extension, instead of 
contraction, of the streamers as well as in Photo. 2. Especially the plume- 
like figures appeared all along the thick and long streamers. These date 
and data were shown in Table 2. Percentage of contraction, extension and 
flash-over was about 20%, 30% and 50% respectively. Fig. 2 shows the relation 


Table 2. Explanations of Plates I and II. Date and data for Photo. 1-4. 
Room. Relative humidity Atmo. 


Photo. No. Date Time Weather Temp. In room Condition- press. 
ii 3 (°C) (%)* ing (mmHg) 
1 Aug., 2,1956. 11h 31m Half fine 33.2 59 Constant Glew 
2 Sept., 22,1956. 17h 13m Cloudy 24.8 85 Variation TOU 
83 Sept., 19,1956. 9h 29m Half fine 23.3 75 Variation 764.3 
4 Left side Aug., 1,1956. llh 04m Fine Billets) 68 Constant 760.5 
4 Right side Aug., 30,1956. 9h 03m Rain 23.4 80 Variation 764.9 


* By wet & dry bulb hygrometer. 
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Fig. 2. Diagram of relation between absolute humidity and max. 
length of streamers. The thick full lines are those of the 
examples of Photo. 2 and Photo. 3 in Plate I. 
between absolute humidity and maximum length of streamers. Critical state 
of changing figures would be about 20g/m3 in absolute humidity. 


§2. Discussion of Preliminary Experiment. 

In the facts that the figures contracted as humidity increased, there 
should be capture of the electrons and positive ions by adsorption of the 
water particles. The capture of these charged particles produced by impulsive 
discharge would te a brake or stop to extension of the streamers. The 
archives of plume-like figures along the dense streamers should be the ex- 
pression of vigorous streaming electron to the streamer channel from the 
surrounding space. The writer thought that he could get such reason for the 
above description by referring to the explanation of generating mechanism 
of Lichtenberg figures by F.H. Merrill and A. von Hippel? And this fact 
shows an increase of electro-static capacity by adsorption of water in the 
emulsion layer. Then the height of crest voltage may be lower for an applied 
impulse of a constant electric charge. 

The facts of inverse tendency would be the dominant effect of increasing. 
electro-conductivity® by the combined action of the remained salt (electrolyte) 
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and adsorption of water particles in the emulsion layer. 

Moreover, the adsorped water in the emulsion would be various in its 
content for variation of temperature. In increasing temperature (d6/dt>0) 
the moisture takes in the emulsion ( absorbing state), and in decreasing temp- 
erature (d60/di<0) the moisture would be ejected in the emulsion (exhausting 
state). These unequilibrium states depend on variation of temperature, and 
would be related to contraction or extension of the streamers in Lichtenberg 
figures. And the writer was informed that the starting corona or sparking 
voltage effected on few content of carbon dioxide in the air. This phenomenon 
would depend upon contraction or extension of the streamers, as combined 
action with water molecules. 

This expectation which explains the above contrary facts should be com- 
firmed by the next project. For the next project the writer will plan to 
research on the variation of electro-conductivity by the effect of the remained 
salt in highly humid emulsion layer, on the effect of applied complete impulse 
(various forms and height of crest voltages), on the relation between the 
temperature gradient with time interval and absolute humidity. 

This report is a part of the summary of the lectures made at the Special 
Meeting on Instrumentation Dept. of Applied Physics, held by the Physical 
Society of Japan in Tokyo, April 2, 1957. 
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Numerical figures written on the right hand side of each Photo. show 
the values of given absolute humidity. Numbers of the left hand side 
show the cameras & the desiccators numbers. Refer Table 1,2 & Fig. 2. 
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Numerical figures written on the right hand side of each Photo, show 
the values of given absolute humidity. Numbers of the left hand side 
show the cameras & the desiccators numbers. Refer Table 1, 2 & Fig. 2. 


